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Query release problemQuery release problem

1. Record space Z = {z1, . . . , zk}, P supported on Z.

2. Private Dataset Dn
i.i.d∼ Pn sampled from Z, Dn = {zk1, . . . , zkn}

3. Query ClassQ = {q1, . . . , q|Q|, q : Z −→ [−1, 1]}
4. Statistical Query Ez∼P[q(z)]

5. Simplex ∆k = {p ∈ [0, 1]k :
∑

i pi = 1}
6. Objective: Find a private distribution Ppriv on Z such that the error

in answering all queries is minimized

min
Ppriv∈∆k

max
q∈Q
|Ez∼P[q(z)]− Ez∼Ppriv[q(z)]|

subject to: Ppriv = A(Dn)

A satisfies (ε, δ)-DP (P)

7. Meaning: we privatize P by releasing Ppriv instead of answering
Ez∼P[q(z)], and report the private estimate Ez∼Ppriv[q(z)].

I Non-private query (percentage > 38):

1
7

7∑
i=1

q(zi) = Ez∼Pn[q(z)] (non-private empirical mean)

I Private query (percentage > 38):
Ez∼Ppriv[q(z)] (based on private distribution Ppriv)

Regularization IRegularization I

min
Ppriv∈∆k

max
q∈Q

Ez∼P[q(z)]− Ez∼Ppriv[q(z)] + αH(Ppriv) ( Pα)

max
q∈conv(Q)

〈q,P〉 − αH∗
(

q
α

)
(Dα)

where H is the negative entropy and H∗(y) = log
(∑

j eyj

)
is the

Fenchel conjugate of H.
Advantage: (Dα) is strongly concave→ solve via DP-SCO.
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Regularized primal Regularized dual

qout
α by DP-SCOPpriv

α by KKT

Primal-Dual GapPrimal-Dual Gap

E[Gap(Pα)(Ppriv
α )] ≤ E[Gap(Pα)(q

out
α )] + α log k

Optimal α is chosen to minimize the right-hand side.

DP-Frank WolfeDP-Frank Wolfe
Differentially private Frank-Wolfe algorithm (DPFW)
1: Input: (Dn,Q, (ε, δ), α)
2: Initialization: q0 ∈ Q, T num it and γ step size
3: for t = 0, . . . , T − 1 do
4: Compute ∇̂ψα(qt) (gradient estimator for objective (Dα))

5: For all s ∈ Q sample us,t
i.i.d∼ Lap (λ(ε, δ))

6: st = argmaxs∈Q{〈∇̂ψα(qt), s〉 + us,t}
7: qt+1 = qt + γ(st − qt)

8: Output: qout
α = qU for U ∼ Uni({0, . . . , T − 1})

Error Bounds from Dual to PrimalError Bounds from Dual to Primal
DP-Frank Wolfe produces qout

α that is (ε, δ)-DP and satisfies:

E[gψα(qout
α )] = O

log1/4(1/δ) log1/2(|Q|)
α1/4(εn)1/2

+

√
log(k )

n


Optimizing over α yields α∗, and setting Ppriv = Ppriv

α∗ leads to:

E
[
Gap(P)(Ppriv)

]
= O

log1/5(1/δ) log2/5 |Q| log1/5 k
(εn)2/5

+ D1

√
log k

n



Regularization II: Smoothed ObjectiveRegularization II: Smoothed Objective

min
Ppriv∈∆k

(
Eξ∼N

[
max
q∈Q
〈q,P − Ppriv + ξ〉

]
+ αH(Ppriv)

)
(Pα,σ)

Privacy is injected directly into the objective via randomized
smoothing. N := N (0, σ2I)

DP-Accelerated Mirror DescentDP-Accelerated Mirror Descent
Differentially Private Complementary Accelerated Mirror-Descent
1: Input: (Dn,Q, (ε, δ), α)
2: Initialization: T = T (ε, δ) num it = σ(ε, δ), Initialisation P1 = Pag

1 = [1/k , . . . , 1/k ]>

3: Step sizes: ηt = t +
√

4
ασ + 1 , for 1 ≤ t ≤ T

4: for 1 ≤ t ≤ T do

5: Pmd
t =

∑t−1
τ=1 ητ∑t
τ=1 ητ

Pag
t + ηt∑t

τ=1 ητ
Pt

6: gt = Gσ(Pmd
t , ξt,Dn,Q) , ξt ∼ N (0, σ2Ik ) (gradient estimator for objective (Pα,σ))

7: Pt+1 = argminP∈∆k

{
ηt [〈gt,P〉 + H(P)] +

(∑t−1
τ=1 ητ

)
DH(P,Pt)

}
8: Pag

t+1 =

∑t−1
τ=1 ητ∑t
τ=1 ητ

Pag
t + ηt∑t

τ=1 ητ
Pt+1

9: Output: Ppriv
α = Pag

T +1.

Primal Gap via Smoothed ObjectivePrimal Gap via Smoothed Objective

Algorithm 2 produces Ppriv
α that is (ε, δ)-DP and satisfies:

E
[
Gap(Pα,σ)(Ppriv

α )
]

= O
(

log3/4(1/δ)

α log5/4(k )
·

w5/2(Q)

(nε)3/2
+

log1/2(1/δ)

α log1/2(k )
·

w(Q)

nε

)

Optimizing over α yields α∗ such that:

E
[
Gap(Pα,σ)(Ppriv

α )
]
≤ O

(
w1/2(Q) log1/4(k ) log1/4(1/δ)

ε1/2n1/2

)
where w(Q) is the Gaussian width of the query classQ.

Established Empirical Loss

MWEM O
(

d1/4 log1/2 |Q| log1/2(1/δ)
n1/2ε1/2

)
DualQuery O

(
d1/6 log1/2 |Q| log1/6(1/δ)

n1/3ε1/3

)
FEM O

(
d3/4 log1/2 |Q| log1/2(1/δ)

n1/2ε1/2

)
sepFEM O

(
d5/8 log1/2 |Q| log1/2(1/δ)

n1/2ε1/2

)
DQRS O

(
d1/5 log3/5 |Q| log1/5(1/δ)

n2/5ε2/5

)
DPFW(E) O

(
d1/5 log2/5 |Q| log1/5(1/δ)

n2/5ε2/5

)
New Population Loss

DPFW(P) O
(

d1/5 log2/5 |Q| log1/5(1/δ)
n2/5ε2/5 + D1

log1/2(d)
n1/2

)
DPAM O

(
d1/4w1/2(Q) log1/4(1/δ)

n1/2ε1/2

)
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